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ABSTRACT - Sampled analog comb filters using a recursive implementation with CCD 1 s as 
the delay elements are studied, A theoretical analysis based essentially on digital recur­
sive filters is developed with modifications taking into account that a CCD delay generally 
consists of more than one delay stage, Using the standard Z and the bilinear Z trans­
forms, transfer functions of a lowpass and a highpass continuous filter are transformed 
into H(Z) forms suitable for CCD implementations, Design formulas for both the can­
celler type and integrator type comb filters using one CCD delay are obtained. Six differ­
ent comb filters are implemented using an 8-bit two-phase P surface channel CCD clocked 
at 20 kHz. The agreement between measurements and theoretical calculations is encour­
aging. Possible causes for the deviation from theory are discussed. The bilinear Z 
transform design procedure is shown to be superior because it provides a zero in the 
transfer function which leads to theoretically infinite attenuation at a series of periodi­
cally separated null frequencies. Applications of this type of comb filter to either 
suppress or to enhance a signal having periodic spectrum are suggested. The work per­
formed was partially supported by the Naval Electronics Systems Command and the Naval 
Postgraduate School Research Foundation. 

1. INTRODUCTION 

Designers of sampled analog CCD 
signal processors have concentrated main­
ly on transversal filters,(1,2,3) correla­
tors,(4) chirp Z transformers, (5, 6) and 
two-dimensional transforms, (7, 8) This 
paper discusses sampled analog recursive 
filters, which have not received as much 
prior attention. They were first studied 
using a BBD as the delay elements {9, 10) 
and, recently, a three-pole(11) and a two­
pole/ one zero(12) CCD recursive filter 
and a one-pole CCD recursive integrator 
{ 13) have been reported, 

This paper addresses three aspects 
of sampled analog CCD recursive comb 
filters: theory, experimental results, 
and possible applications. The genet·al 
characteristics of comb filters are high­
lighted in Section 2, and their recursive 
implementations are described, In Sec­
tion 3, a theoretical analysis based essen­
tially on digital recursive filter theory is 

presented, Modifications of the digital 
theory to fit the sampled analog recursive 
filter case are provided, Measured re­
sults of t•ecursive comb filters using an 
8-bit, two-phase, P surface channel CCD 
delay line are presented and compared 
with theoretical calculations in Section 4. 
The agreement is generally close at low 
frequencies but deteriorates as the fre­
quency is increased or as the order of 
comb teeth is increased. Howevet·, the 
feasibility of using a CCD to implement a 
recursive comb filter is confhmed. Pos­
sible applications using this type of comb 
filter are discussed in Section 5. 

2. COMB FILTER AND RECURSIVE 
IMPLEMENTATION 

Comb filters are characterized by 
their periodic transfer characteristics in 
the frequency domain. They can be clas­
sified into two general types, The first 
type is the bandstop or canceller type 
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shown in Figure la. It has strong attenua­
tion in a narrow neighborhood of a series 
of periodically separated frequencies and 
good transmission in between. The sec­
ond type is the bandpass or integrator 
type shown in Figure 1b. It has good 
transmission in a narrow neighborhood of 
a series of periodically separated frequen­
cies and strong attenuation in between, 
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Figure 1. Frequency Characteristics of 
Two General Types of Comb 
Filters- Bandstop, Canceller 
Type, and Bandpass, Inte­
grator Type 
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Both analog comb filters (17, 18, 19} and 
digital comb filters (20,21} have been de .. 
veloped based on several different imple­
mentation techniques: feedforward, 
frequency sampling,(ZZ fast Fourier 
transform, and recursion. All use delay 
devices in some manner, 

In the analog case, a quartz delay 
line has been the major candidate. For 
digital, the delay device is the shift reg­
ister. However, a new family of comb 
filters is being developed using a different 
type of integrated circuit delay device, 
such as the BBD (bucket brigade device}, 
CCD (charge coupled dexice}, and SAD 
(serial analog delay),(23J In these, analog 
signals are first sampled and then delayed. 
As a result of the sampling, these devices 
not only have standard analog properties 
but also some digital properties such as 
aliasing and stability of delay. 

Using these integrated circuit delay 
devices, sampled analog comb filters are 
being developed based on the feedforward 
circuit,(11, 14, 15) chirp Z transform, 
and recursive filter implementations, 
(9,10,11,12) 

We are studying the recursive imple­
mentation using the canonical circuit shown 
in Figure 2. The results presented use 
only one CCD delay device, i.e., b2 = 0, 
az = 0. However, the delay device con .. 
sists of N delay stages (in the experimen­
tal study, N = 8.} As shown in later sec .. 
tions, the presence of N stages of delay in 

Figure 2, Canonical Form of a Second 
Order Recursive Filter 



one delay device can be used to advantage 
in providing the comb feature of the fre­
quency characteristics and also very large 
attenuation between these comb teeth. 

The reason for this is that, since the 
signal is delayed N clock periods before it 
is fed back to the input, the frequency of 
recursive operation, fr, is only one Nth of 
the clock frequency, fc (or sampling fre­
quency). Therefore, the frequency char­
acteristics of the recursive filter are 
periodic with the frequency fr• Since 
fr ;;: fc/N, there are N/2 teeth within the 
Nyquist frequency range from 0 to f c/2. 
This is in contrast to the usual digital re­
cursive filters where the recursions take 
place after each delay stage, resulting in 
only one comb tooth within the Nyquist 
range. Since there are now N/2 teeth, a 
proper design procedure which introduces 
a zero at the recursion frequency fr will 
provide infinite attenuation, in principle, 
at each of these teeth even when only one 
delay element is used. The procedure is 
known as the bilinear Z transform. 

3, THEORY 

Since the sampled analog recursive 
filters are implemented by the same cir­
cuit configurations used for digital recur­
sive filters, we know intuitively that the 
theory of digital recut·sive filters should 
apply. However, proper modifications 
must be made to account for the fact that 
the signal is now sampled-analog and that 
the delay device now consists of N delay 
stages instead of one, 

It is known that two general design 
approaches have been developed for the IIR 
(infinite impulse response) type digital re­
cursive filter. The first approach is in­
direct. It starts with the transfer function 
in the Laplace transform variable S of a 
continuous filter and follows by digitizing 
the transfer function H(S) into a transfer 
function in the discrete time variable z. 
Many different transforms are employed 
such as mapping by differential transform, 
impulse invariant (standard Z) transfol'm, 
bilinear Z transform, and matched Z 
transform, The second approach is a 
direct digital design in either the frequency 
domain or the time domain using some type 
of computer aided design procedure. 

We feel that the direct approach using 
the frequency domain is probably more 

instructive, and we will present it in this 
paper using two of the four transforms 
listed earlier (standard Z transform and 
bilinear Z transform). 

The modification used to take into 
acconnt the fact that one CCD delay device 
consists of N delay stages will be descrf'bed. 
In conventional digital filter theory, z-
is used to represent a delay of one clock 
period. For a recursive filter using only 
one CCD device of N delay stages, the 
transfer function is 

H(z) ( 1) 

In other words, it is actually an Nth order 
recursive filter but with many of its coef­
ficients, aN-1• .. , a1, bN-1• ... b1, 
equal to zero. 

The analysis can be simplified great­
ly if we consider the N clo-ck delay stages 
as 11 one recursion" delay stage with its 
corresponding recursion frequency 
fr ;;: f~JN, then the transfer function is 
simphfied to 

H(z) (2) 
b 1.z" + 1 

with the understanding that Z -i actually 
consists of N clock periods of delay and 
that its frequency characteristics are 
periodic with respect to fr and have N/2 
comb teeth in the frequency range from 
0 to fc/2, the Nyquist limit. Because 
there is now more than one period in the 
frequency characteristics (or more than 
one tooth), the effects due to sampling 
and/ or the sample and hold circuit 
should be taken into accormt in the theory. 
Only the effect due to the sample and hold 
circuit is considered in this paper, and it 
is discussed in Section 4. 

Using this straightforward modifica­
tion and the well developed digital recur­
sive filter theory, a set of design formulas 
was derived for a first order lowpass 
filter 

H(S) ;::: "-'x 
s + w 

X 
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and a highpass filter 

H(S) 
s 

"""S+W 
X 

where wx = 3 dB corner frequency. The 
following two transforms are used: 

Standard Z transform 

Bilinear Z transform 

z =eST 

S=~~ 
T Z+l 

where T = N 
1 

T' 
c 

the CCD delay. 

Table 1. Summary of Design Formula of 
Sampled Analog Recursive Comb 
Filter Using One CCD Delay 

Coefficients 
Design Filter 
Method Type "o ., '• 

Standard Z Lowpass, 
integrator 

wx ' 
-WXT 

w;<4 w 0 ·< 
X 

Lowpass, 
canceller 

wx ' l -wx 
-<..:XT -wxT 

w;>4 
., ' 

Highpass, 
canceller 

wx ' ' - w 
-wxT ""I<T w;: < 4 X 

., ., 
Highpass, 
integrator 

wx ' 
-wxT 

~>4 wx 0 ' 
Bilinear Z Lowpass, 

integrator 

w, ' wxT w,T ·lwxT"'I w;: < 4 w;r+7 u;r+7 ~ 
Lowpass, 
canceller 

j, ' 
w,T wxT lwxT-'1 

w, ' ~ w-"T + Z ~ 
Highpass, 
canceller 

wx ' ' 
_, 

·1M ;:;-;; < :r ~ ~ X 

Hlghpass, 
integrator 

w, ' ' 
_, IWXT-'1 ;:;-;; > :r W'f""T'I: W""Ft2 ~ X X 
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Without presenting the derivations in 
detail, the results are summarized in 
Table 1. It should be pointed out that an 
approximation, tan wfwc ~ wfwc, was 
used, The cases of integrator type comb 
filters and canceller type comb filters 
are listed separately. They are deter­
mined by the relative signs of the coeffi­
cients ao, a1, and b1• The theoretical 
frequency characteristics of six special 
cases are presented as solid curves in 
Figures 3 through 7. The cases that have 
been implemented and measured experi­
mentally are summarized in Table 2. 
The coefficients have all been normalized 
to unity. Their comb filter character­
istics are also plotted in relative ampli­
tudes in Figures 3 through 8, In Figure 
8, the theoretical comb filter character­
istics are modified by taking into account 
the effect of the sample and hold circuit, 
This introduces a factor of sin hr k/N)/ 
(trk/N), where k =the order of the comb 
tooth, Discussions relating to this cor­
rection are given in Section 4. 

Table 2. Summary of Six Experimental 
Sampled Analog Recursive 
Filter Cases 

Coefficients 
Design Filter Figure 
Method Type a, ., b1 

Standard Z Highpass, 
integrator 1 0 o. 7 3 

Lowpass, 
integrator 1 0 -0.3 4 

Lowpass, 
canceller 1 1 0.7 5 

Lowpass, 
canceller 1 1 0.3 6 

Bilinear Z Lowpass, 
integrator 1 1 -0. 9 7 

High pass, 
integrator 1 -1 0.7 8 

NOTE: 8-bit, 2 phase, surface channel CCD (Figure 9) 

f = 20 kHz 

' Circuit schematic (Figure 11) 
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FREQUENCY {I<Hd 

Highpass Integrator Filter­
Frequency Characteristics 

4. EXPERIMENTS, COMPARISONS, 
AND DISCUSSioNS 

To demonstrate the feasibility of using 
CCD as delay elements for the implemen­
tation of sampled analog recursive comb 
filters and also to verify the validity of 
the theoretical analysis presented in Sec­
tion 3, six cases of comb filters are im­
plemented. They are listed in Ta_ble 2. 
The table includes both canceller type and 
integrator type comb filters whose Z 
transform transfer functions were obtained 
from both lowpass- and highpass continuous 
filters. The CCD used is a two-phase, 
overlapping gate, P surface channel, 8-bit 
CCD. Its physical description is presented 
in Figure 9. Its output circuit consists of 
a reverse biased floating diode, gated by a 
reset MOSFET and followed by a MOSFET 
source follower. The load resistor is 
connected off the chip. Its input circuit 
consists of one diode, pulsed to a forward 
biased condition, and four gates with ap­
propriate de bias applied, 

LO~O 

Figure 9. Cross-Sectional View of Two 
Phase, Overlapping Gate, P 
Surface Channel CCD 

The electrical signal can be fed into 
the CCD either at the diode or at a gate. 
In this study, an input signal technique 
known variously as the surface potential 
equilibration method, the fill and drain 
method, or the scuppering method is used. 
To carry out this input procedure, a clock 
pulse is applied to the diode, and de volt­
ages of various levels are applied to the 
gates. The signal is applied to one of the 
gates. The combination of third and fourth 



gates provides one of the widest dynamic 
ranges, as shown in Figure 10, The fig­
ure presents the output voltage measured 
after the sample and hold circuit as a 
function of the input signal expressed by a 
varying de voltage level at the third gate. 
The bias voltage on the fourth gate is held 
at selected values, The operating condi­
tions are described as follows: 

• Four clock pulses: 

• 

4> = input diode pulse level input 
from -12,8 to -2.4 V 

cpreset = reset MOSFET gate puhe 
level from -37,5 to -19 V 

<1>1' <1>2 " 50% duty cycle CCD clock 
pulses from -22, 5 to 
-10 v 

Four de gate biases: 

G 1, G2 biased at -30 v 

Gout and V DD at -35. 5 V 

Load resistor = 50K ohms 

Clock frequency = 20 kHz. 

From Figure 10, it can be seen that 
two operating modes exist, The first is 
a high gain mode occurring in a third gate 
voltage range from approximately -11, 7 
volts to values from -11. 9 to -12. 5 volts, 
depending on the bias voltage on the fourth 
gate, This mode is quite nonlinear, The 

·11 -ll ·11 20 -11 
I""'" VOl. TAG• O>I<!ATf 3 r.'OLTSI 

Figure 10. Input G3 vs Output Character­
istics of Two Phase Surface 
Channel 8 Bits CCD 

secotid mode is characterized by a much 
lower gain but occurs over a much wider 
bias range on G3. The range is more than 
8 V for Vc4 " -15 V. For Vc4 "-12 V, 
it can be seen that a section of the mode 
characteristics is linear from -16,9 to 
-20,5 V, Therefore, the combination of 
Va3 = -18.7 V and Va3 = -12 V was chosen 
as the electrical bias condition. The ac 
input signal was applied to the third gate 
to carry out the frequency response mea­
surements, In this way, a linear range of 
approximately 3, 7 V was obtained, 

The circuit schematic for the comb 
filter measurements is shown in Figure 11. 
The coefficient a

0 
= 1 is easily imple_­

mented by direct connection, The coeffi­
cients a 1 = ±1 and the different values of 
bt were implemented by using two poten­
tiometers connected after the sample and 
hold circuit and the level shifter. Opera­
tional amplifiers with the proper feedback 
were used to provide the two summation 
operations, 

INPUT 

., 

SAMPlE 
AND 
HOlD 

lEVEl 
SHIFTER 

OUTPUT 

+ 

+ 

Figure 11. Circuit Schematic of CCD 
Recursive Filter Experiment 
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The measured frequency characteris­
tics of six comb filters are presented as 
dots in Figures 3 through 8. Figures 3 
and 4 are filters designed by the standard 
Z transform procedure. Figures 5 
through 8 are filters designed by the 
bilinear Z transform procedure. The fil­
ter type and corresponding filter coeffi­
cients are shown in each figure and are 
also listed in Table 2. The advantage of 
the bilinear Z transform design procedure 
over the standard Z transform is clear by 
noticing the theoretically infinite attenua­
tions achieved at the null frequencies 
separated by the recursion frequency, 
fr ~ fc/N ~ 20 kHz/8 = 2, 5kHz. 

In conventional filter designs, large 
attenuations in the stop bands can be 
achieved by using higher order filters in 
the case of recursive filters and by using 
many bits of delay in the case of nonrecur­
sive filters. In this case of sampled ana­
log recursive comb filters, infinite atten­
uation is theoretically achieved even in 
cases where only one delay element is 
used, Of course, the reason for such an 
interesting property is that the delay 
element has N stages of delay; this causes 
its frequency characteristic to be periodic 
with respect to fc/N and to have N/2 teeth 
within the Nyquist range. A zero intro­
duced by the bilinear Z transform will 
force the transfer function to zero at a 
series of null frequencies separated by 
fc/N. In the conventional digital recur­
sive filter design where N equals 1, the 
zero introduced causes the transfer func­
tion to become zero at frequencies beyond 
the Nyquist limit and is therefore not 
useful. 

It should be noted that, in the prelim­
inary experimental study, infinite attenua­
tion was not found. Instead, the measured 
attenuation varied from -60 dB down from 
the maximum to -10 dB down. In fact, 
this is but one of several deviations of 
measured results from theoretically cal­
culated values. The agreements and dis­
agreements are summarized as follows. 

For the first tooth of the comb filter, 
the agreement between theory and experi­
ment is excellent in all six cases. How­
ever, measured values and calculated 
values started to deviate from each other 
as the frequency increased or as the order 
of the comb tooth increased. On the one 
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hand, the attenuation at the null frequen­
cies for the bilinear Z cases started to 
deteriorate, On the other hand, the filter 
shape did not always stay in close agree­
ment with the theoretical results, How­
ever, different trends of deviation were 
discovered. 

In four cases (Figures 3 and 4 for the 
standard Z transforms and Figures 7 and 
8 for the bilinear Z transforms), the mea­
sured frequency response steadily became 
lower than the calculated response. The 
worst case is shown in Figure 4. Such a 
decrease could be caused by several 
factors including effects due to the sample 
and hold, effects due to charge transfer 
inefficiency, and effects due to the fre­
quency rolloff of the electrical instrumen­
tation. In Figure 8, the effect due to the 
sample and hold circuit is included in the 
theoretical calculation, However, its 
rolloff effect does not adequately account 
for the measured decrease. This suggests 
that other factors must be considered. 
The explanation for these deviations is 
made more complicated by the opposing 
trend shown in Figures 5 and 6 for two 
other bilinear Z transform cases. Here 
the measured frequency responses are 
higher than the calculated values, We are 
only beginning to search for the factors 
which could cause such increases, 

The general deterioration of the atten­
uation at null frequencies is considered to 
result from two ~ffects, The first is the 
change of a1 as a function of frequency; 
this includes the effects of frequency var­
iations in the CCD, the sample and hold 
circuit, and the level shifter, Note that 
ao is directly connected to the output sum­
ming operational amplifier. The imbalance 
of a 0 and a 1 makes the 11 zero 11 a less than 
perfect zero and yields less attenuation at 
the null frequencies, The second effect is 
the general noise backgrormd which pre­
vents the measurement of very small sig­
nals. One major contribution of such 
noise is the clock feedthrough. 

In spite of these deviations of mea .. 
sured results from theoretical calcula­
tions, it is proper to conclude that the 
feasibility of using a CCD to implement 
sampled analog recursive comb filters is 
confirmed,(10,11, 12) and the basic ap­
proach of a theoretical analysis based 



essentially on the digital recursive filter 
theory is correct to the first order. Ob­
viously refinements are needed to extend 
the suc~ess of the theory at the first comb 
teeth to all higher order teeth, 

5. APPLICATIONS 

The range of applications of sampled 
analog recursive filters is obviously very 
broad, However, it is important to recog­
nize that the performance of this type of 
filter is somewhere between that of analog 
and digital filters. Compared with regu­
lar analog filters, the delays of this fam­
ily of integrated circuit electronic delay 
devices are controlled by the main clock 
pulse, and these IC filters do not have 
nearly the narrow bandwidth and time and 
temperature drift problems which plague 
other analog filters. They are as stable 
as the main clock, Compared with digital 
filters, they process signals in sampled 
analog form, thus avoiding the expense of 
A/D converters and digital multipliers, 
though there are penalties of somewhat 
lower performance and relatively more 
limited programmability. Another feature 
of sampled analog recursive filters is the 
possibility of time shared filtering because 
the delay eleme(Jts generally have more 
than one stage. !5) 

They are particularly useful as 
comb filters. Their periodic transfer 
characteristics make them well suited to 
process signals which are periodic in 
time and in frequency such as most radar 
and sonar signals, Canceller type comb 
filters can be used to reject periodic sig­
nals by aligning the null frequencies of the 
comb filter with the periodic frequency 
spectrum of the undesired signal. This is 
indeed the principle of both t~e feedfor­
ward and recursive filters(!! being de­
veloped to cancel clutter spectrum in 
MTI radars. Also, because the delay can 
be changed rather conveniently by chang­
ing the main clock frequency, the cancel­
ler type sampled analog comb filter may 
simplify the signal processing in either 
staggered PRF or jittered PRF radars. 

In a different direction, integrator 
type comb filters can be used to enhance 
periodic signals contaminated by noise 
and/or interferences. A video integrator 
is being developed(13) based on this prin­
ciple. 

6, CONCLUSIONS 

Sampled analog comb filters by recur­
sive implementation have been studied. 
A theoretical analysis based essentially 
on digital recursive filter theory was used 
to calculate the frequency characteristics 
of both the canceller type and the integrator 
type comb filters, using only one delay 
element. The fact that the delay element 
has N delay stages is used to achieve the 
comb featut•e of the transfer character­
istics •. Using the zero introduced by the 
bilinear Z transform, infinite attenuations 
are achieved at null frequencies, which 
is a very desirable feature. Six calcu­
lated cases were selected for implemen­
tation using an 8- bit CCD as the delay 
element. The agreement between mea­
surements and theory is excellent at the 
first set of comb teeth and varying de­
grees of closeness are achieved as the 
order of comb teeth is increased, The 
causes for this are under study, Studies 
are in progress to extend this work to 
cases where more than one delay element 
is used and to examine the reasons why 
the experimental results at higher order 
comb teeth are at variance with some of 
the theoretical predictions. 
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