
DESIGN OF MINIMUM-PHASE CHARGE-TRANSFER TRANSVERSAL FILTERS. 

M. Felclmann, J e a n n i n e Henaff and J.C. Rebourg 

Abstract i 
The interest of minimum-phase charge-transfer transversal,filters is 

pointed out in terms of sensitivity. \-Jiien used in communication networks, 
such filters are indispensable for meeting the CCITT group-delay require­
ments. An experimental example for time division multiplex equipment is 
described. 

C h a r g e - t r a n s f e r d e v i c e s proved t o be v e r y e f f i c i e n t f o r d e s i g n i n g non 
r e c u r s i v e d i s c r e t e - t i m e analogue f i l t e r s . E x t e n s i v e work has been c a r r i e d 
o u t on t h e s y n t h e s i s o f l i n e a r - p h a s e ( l . p . ) t r a n s v e r s a l f i l t e r s . For 
t h a t case,minimax s o l u t i o n s a r e w e l l c h a r a c t e r i s e d and s e v e r a l approaches 
are p o s s i b l e . However, when a p p l i e d t o co m m u n i c a t i o n s , such f i l t e r s a d m i t 
a group d e l a y t h a t i s r a r e l y c o n s i s t e n t w i t h CCITT r e q u i r e m e n t s . T h i s l a t ­
t e r c o n d i t i o n i m p l i e s t h a t t h e l i n e a r - p h a s e s p e c i f i c a t i o n be removed and 
r e p l a c e d by minimum phase (m.p.) o p e r a t i o n . Owing t o the development o f 
s o p h i s t i c a t e d c h a r g e - t r a n s f e r t r a n s v e r s a l f i l t e r s , t h i s p r o b l e m i s no l o n ­
ger academic^ 1 and i t s s o l u t i o n i s r e q u i r e d , f o r e x a m p l e , ' i n the s y n t h e s i s 
o f f i l t e r s f o r t i m e - o r f r e q u e n c y - d i v i s i o n m u l t i p l e x . 

The s y n t h e s i s o f minimum-phase t r a n s v e r s a l f i l t e r s has been t h e o r e t i c a l ­
l y s o l v e d by Herrmann and S c h u e s s l e r 5 u s i n g l i n e a r - p h a s e s y n t h e s i s as a 
f i r s t s t e p . T h i s method n e c e s s i t a t e s f i n d i n g t h e r o o t s o f a p o l y n o m i a l 
whose degree i s e q u a l t o the o r d e r o f the f i l t e r . As p o i n t e d o u t by 
Schmidt and R a b i n e r 6 , t h i s i s a d i f f i c u l t approach i n n u m e r i c a l a n a l y s i s 
f o r s o p h i s t i c a t e d f i l t e r s , b u t a d i r e c t s y n t h e s i s i s a l s o p o s s i b l e . 

The f r e q u e n c y response o f any t r a n s v e r s a l f i l t e r i s computed f r o m t he 

e q u a t i o n 

*(») - Ï Akz-> 

CO 
where z = exp (\a> T), m b e i n g t he a n g u l a r f r e q u e n c y and r the c l o c k p e r i o d . 
The s y n t h e s i s p r o b l e m i s t h e n t o f i n d t he N pa r a m e t e r s A k ( k = 0 , 1 , . . . , N - 1 ) . 
The l . p . s y n t h e s i s i s o b t a i n e d by f o r c i n g 

= i - i (2) 

Such a s y m m e t r i c a l w e i g h t i n g l e a d s t o a r e a l a m p l i t u d e response, f o l l o w e d 

by a pure d e l a y o f h a l f t he d u r a t i o n o f t h e i m p u l s e f u n c t i o n , i . e . a l i ­

near-phase response. I n t h a t case, the pa r a m e t e r s A|c are s y n t h e s i s e d bv 

s e v e r a l t e c h n i q u e s i n c l u d i n g w i n d o w i n g o f an i n f i n i t e i m p ulse response 

and d i g i t a l a l g o r i t h m s such as the Remez exchange a l g o r i t h m o r l i n e a r 

programming^ . 

Of c o u r s e , a more e f f i c i e n t s y n t h e s i s can be o b t a i n e d by removing the 
c o n s t r a i n t s o f eqn.2. The advantage i s c l e a r i n terms o f a c t u a l group de­
l a y , s i n c e minimum phase i m p l i e s minimum d e l a y . I n a d d i t i o n , R a b i n e r e t 
a l 9 have shown t h a t , when u s i n g m.p. f i l t e r s , the g a i n i n terms o f num­
ber of taps depends upon the r e l a t i v e b a n d w i d t h o f the f i l t e r s : the l a r ­
ger the b a n d w i d t h , t he l a r g e r the g a i n i n number o f t a p s . 
Without l o s s o f g e n e r a l i t y , we w i l l f i r s t assume t h a t max Is ( z ) I * 1 on 
the u n i t c i r c l e . 
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C l e a r l y , the a m p l i t u d e response i s d e f i n e d by : 

Is (z)| 2 = s u) a U"1 >: - s e g ? (3) 

where 

£ = (z + z~hn 
Poles and zeros o f i n s e r t i o n l o s s are e a s i l y t r a n s l a t e d i n t o zeros o f 

S(£ ) and zeros o f l-S ( £ ) r e s p e c t i v e l y w i t h £r [ - 1 , +]\, We may t h e n f a c ­

t o r S( .( ) and l-S ( | ) as 

S (J) - F (J) G (C) (A) 
i - s (J) - H (p Q © ( 5 ) 

where F (£) i s a p o l y n o m i a l which accounts f o r a l l the zeros o f S ( £ ) on 

[ - 1 , + 1 ] and H ( £ ) i s a p o l y n o m i a l w h i c h accounts f o r a l l the zeros o f 

]-S ( on [ - 1 , + 1 ] . 

The p o l y n o m i a l s F(£) and H ( £ ) are c o m p l e t e l y d e f i n e d by t h e i r zeros 

£ k and t h e i r c o r r e s p o n d i n g m u l t i p l i c i t i e s i\ . C l e a r l y i f + 1 [ 
the m u l t i p l i c i t y i s even, s i n c e S and I-S a r e s t r i c t l y p o s i t i v e . I f £ 0= 1 
o r = - 1 , the m u l t i p l i c i t y v0 ot i ^ i s a r b i t r a r y . F i n a l l y , we have t o 

f i n d t h e unknown p o l y n o m i a l s G and Q d e f i n e d by 

FG + HQ = 1 (6) 

T h i s Bezout i d e n t i t y i m p l i e s t h a t F and H be m u t u a l l y p r i m e , w h i c h c l e a r ­

l y h o l d s . I t i s e a s i l y proved t h a t i f ( G Q , Q 0) i s one s o l u t i o n , a l l o t h e r 

s o l u t i o n s are 

G = G 0 + A H 

Q = Q 0

 F < 7 ) 

where A i s an a r b i t r a r y . p o l y n o m i a l . L e t Nj and N2 be the degrees o f H an F 

r e s p e c t i v e l y . From Eqs 6-7 i t i s seen t h a t G can be chosen w i t h a degree 

l e s s o r e q u a l t o Nj - 1 and Q w i t h a degree l e s s o r e q u a l t o N2 - 1 . I n 

o r d e r t h a n G and Q be r e l e v a n t s o l u t i o n s , i t i s necessary t h a t t h e y have 

no zero on [ - 1 , + 1 ] . U n f o r t u n a t e l y , t h i s c o n d i t i o n does n o t h o l d automa­

t i c a l l y and t h i s has t o be checked. More g e n e r a l l y , we may choose A o f de­

gree zero o r more i n o r d e r t o e l i m i n a t e t h e zeros on H i + 1] o f G o r Q. 

( A g a i n , t h i s i s n o t always p o s s i b l e f o r any c h o i c e o f the zeros £ k). 

F i n a l l y , when G has been found w i t h i t s l o w e s t degree the f i l t e r o f eqn.4 
i s s o l u t i o n o f the problem. 

To r e c o v e r the z - t r a n s f o r m , we must s p l i t F and G as 

F = f ( z ) f U H ) 

G = g W g U"1 ) 

C l e a r l y , a f a c t o r (£ ± 1) i n F g i v e s r i s e t o a f a c t o r ( z — 1 + 1) i n E and 

a f a c t o r ( (_ £ k )2 g i v e s r i s e t o a f a c t o r ( z - 2 — 2 , ( k z
_ 1 +1 ) : t h e 

e x p a n s i o n o f f ( z ) i s c o m p l e t e l y known. 

The d e r i v a t i o n o f g ( z ) r e q u i r e s t h e e x t r a c t i o n - o f the complex r o o t s o f 

t h e G ( (, ) p o l y n o m i a l which i s g e n e r a l l y o f degree Nj - 1 , 

Each p a i r o f complex r o o t s lp and ^ * o f G i s t r a n s l a t e d i n t o a p a i r o f 

r o o t s tfi and zg*located i n s i d e t h e u n i t c i r c l e f o r minimum phase. Each 

r e a l r o o t zp o f G ( w i t h | £ ^ | > 1 ) i s s i m i l a r l y t r a n s l a t e d i n t o a r e a l 

r o o t ze o f g ( z ) ( With|£J < 1 ) • 

F i n a l l y , we have : s ( z ) = f ( z ) g ( z ) 

On the o t h e r hand, we can s e l e c t a l i n e a r phase f i l t e r f r o m S ( £ ) o n l y 
i f G ( .( ) i s the square o f a p o l y n o m i a l . I n t h a t case the number o f taps 
i s the same i n b o t h i m p l e m e n t a t i o n s and w i t h t h e same a m p l i t u d e v a r i a t i o n s , 
and t h e advantages o f m.p. s y n t h e s i s can be expressed i n terms o f s e n s i t i ­
v i t y . For any t r a n s v e r s a l f i l t e r , we w i l l assume t h a t the N w e i g h t i n g c o e f ­
f i c i e n t s are random independent v a r i a b l e s w i t h the same s t a n d a r d deviationO" A-
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Then c l e a r l y the s i g n a l variance i s 

and f i n a l l y , 

<r| ̂  {S{Z)S(Z*) - 15(2) I2} 
V - I V - I _ 

I t 
1 = 0 1 = 0 

: - I I [AkA,-A.A^ 

os = Nl,2aA 

(the l i n e stands f o r mathematical expectation). Owing to t h i s s e n s i t i v i t y , 
the maximum i n s e r t i o n loss i n the stopband can be evaluated f o r a low pass 
f i l t e r as 

\*max\ \ 2^ Ay 

where a, = aA/Amax i s the r e l a t i v e standard d e v i a t i o n , Amax i s the maximum mo­
dulus of the c o e f f i c i e n t s Ak and \H„ox\ i s the maximum value of |s ( z ) | rea­
ched f o r z I ( w ̂  o ) . 

Di r e c t comparison between optimum l . p . and m.p. f i l t e r s i s not very easy 
since ther i s generally no connection between the two syntheses, and the 
question arises of what i s to be compared. When the response i s obtained 
by cascading two i d e n t i c a l f i l t e r s , the o v e r a l l transmittance admits only 
double roots i n the z-plane and can then be implemented i n both l . p . and 
m.p. devices w i t h the same number of taps. Neither synthesis i s optimum, 
but a d i r e c t comparison i n terms of s e n s i t i v i t y i s then straighforward. 
This comparison procedure has been chosen s t a r t i n g from an 88 taps m.p. 
prototype as fol l o w s : 

a) Synthesise an m.p. prototype w i t h N taps : s 0(z) 

b) Compute a 0 ( z ) s o ( l / z ) and implement a l . p . f i l t e r s Sf p {«>) ( c f . F i g . I a ) . 
c) Compute [ s 0 ( z ) ]

2 a n d implement an m.p, f i l t e r s S m p ( «J) ( c f . Fig. l b ) . 
d) Use a Monte Carlo v a r i a t i o n on the weighting c o e f f i c i e n t s on both Sf 

and S m p and compute the s e n s i t i v i t y . 
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Fig. 1. Zeroes - pattern of a l.p, filter 
(a) and a m.p. filter (b). 

05 1 10 IS 20 
tap tolerance < 0 , 7 s 

Fig. 2. Monte-Carlo simula­
tion of l.p. and m.p. filters.. 

From a t h e o r e t i c a l p o i n t of view, i f the prototype c o e f f i c i e n t s are Rk 

(k =0,1,2,...,n -1) i t i s e a s i l y seen that the c o e f f i c i e n t s A.p of the l i ­
near phase f i l t e r are : 

/ n - i \ i , ' 2 ,n-l \\iz 

i - I = Ji \ i = 0 / 11 = 0 / 

(A = - H , . . . + ft) 

$r = A'mrax = "yj' R} (we have used Schwarz's i n e q u a l i t y ) . Then 

S i m i l a r l y , we have f o r the m.p. f i l t e r A?" = J] R,R,<^ Rf (k = 0, 1, ..., 2n) 
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( u s i n g a g a i n Schwarz's i n e q u a l i t y ) and f i n a l l y 

A max <2 

Since we have ( f o r the low pass f i l t e r ) 

k=-n k=0 

the a b o v e ' i n e q u a l i t y i m p l i e s t h a t t h e r e i s -always a b e t t e r s e n s i t i v i t y 

f o r t he m.p. f i l t e r t h a n f o r t h e l . p . f i l t e r . The improvement.can be eva­

l u a t e d as 

I n the above f i l t e r s w i t h (2 x 88 +1) taps we have AIL =2.37 dB. 

To check t h e s e n s i t i v i t y o f b o t h - f i l t e r s a Monte C a r l o s i m u l a t i o n hasbeen 

used. The r e s u l t s a r e summarised i n F i g . 2 . I n t h e passband, the s e n s i t i ­

v i t i e s are v e r y s i m i l a r and r a t h e r low f o r b o t h s y n t h e s e s . On t h e o t h e r 

hand, i n t h e stopband t h e m.p. s y n t h e s i s shows an improvement i n the r e ­

j e c t i o n l e v e l o f r o u g h l y 3 dB f o r the same i n a c c u r a c y o f t h e . t a p s , making 

c l e a r t h a t t h e use o f an m.p. f i l t e r l e a d s t o a l o w e r s e n s i t i v i t y t h a n an 

l . p . s y n t h e s i s . 

Such a minimum-phase c h a r g e - t r a n s f e r t r a n s v e r s a l f i l t e r has been implemen­

t e d , m e e t i n g t h e r e q u i r e m e n t s o f t h e CCITT p u l s e - c o d e - m o d u l a t i o n v o i c e -

channel f i l t e r . To be a b l e t o compare minimum and l i n e a r - p h a s e f i l t e r s we 

have chosen, a t a c l o c k f r e q u e n c y o f 32 KHz, t h e same number o f taps (88) 

f o r t h e two d e s i g n s . O t h e r w i s e , o n l y about 60 ta p s w o u l d be needed t o 

f u l f i l t he c o n d i t i o n s w i t h the minimum-phase d e s i g n . 
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Fig. 4. M.P. filter frequency 

response 

o.) computed transmittance 

b) experimental transmittance 

(10 dB/div.). 
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Fig. 3. Impulse response of the 
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We used the c o n v e n t i o n a l n-channel d o u b l e - p o l y s i l i c o n - g a t e t e c h n o l o g y on. 
ap < I 0 0 > s u b s t r a t e o f R 0 = 20 Ü . 

F i g . 3 .a shows a p h t o g r a p h o f the d e v i c e , where the t h e o r e t i c a l impulse 
response i s r e p r e s e n t e d by the p r o f i l e o f the s p l i t s i n the e l e c t r o d e s . 
The e x p e r i m e n t a l i m p u l s e response i s d i s p l a y e d i n F i g . 3 b , c o r r e s p o n d i n g 
v e r y f a i r l y t o t h e same shape and showing c l e a r l y the a s y m e t r i c a l r e s p o n ­
se w i t h low group d e l a y . 

The c a l c u l a t e d and ob s e r v e d f i l t e r f r e q u e n c y responses a re p l o t t e d i n F i g s 
4a and ..b and de m o n s t r a t e t h a t a v e r y good agreement can be o b t a i n e d 
e x c e p t f o r beyond 50 dB r e j e c t i o n , a l i m i t p r o b a b l y caused by random t e c h ­
n o l o g i c a l e r r o r s ( c f . F i g . 2 : tap t o l e r a n c e about 1 Z ) . An e n l a r g e d p a r t 
o f t he i n s e r t i o n l o s s a g a i n s t f r e q u e n c y i s shown i n F i g . 5 a (compared w i t h 
t h e o r y i n d o t t e d l i n e ) , showing r i p p l e s l e s s than J 0 . 1 dB i n the passband 
o f the f i l t e r . W i t h t h e same s c a l e s , F i g . 5b shows the observed t r a n s m i t -
tances o f 5 f i l t e r s o b t a i n e d w i t h o u t m o d i f i c a t i o n o f t h e s e t t i n g s and de­
m o n s t r a t i n g a good r e p r o d u c i b i l i t y , w e l l i n s i d e t h e CCITT r e q u i r e m e n t s 
( 10.25 dB). 

1 1.5 2 2.5 3 
f r e q u e n c y , kHz 

3.5 1.5 2 2.5 3 
f requency, kHz 

3.5 

Fig. S. Experimental transmittance (0.1 dB/div) 
a) best filter compared with theory 
b) S filters without resetting. 

F i n a l l y , t he computed and ob s e r v e d group d e l a y s a r e p l o t t e d i n F i g s . 6 a 
and b s t a r t i n g f r o m the low v a l u e o f 200 nS and e x h i b i t i n g a t y p i c a l p a r a ­
b o l i c shape. 
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1.5 2 2.5 3 
f requency, kHz 
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Fig. 6. M.P. filter frequency response 
a) computed group delay 
b) observed group delay. 
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I n c o n c l u s i o n , we have o u t l i n e d t he i n t e r e s t o f minimum-phase-design o f 
c.c.d. f i l t e r s i n terms o f b o t h number o f taps and s e n s i t i v i t y . I n a d d i 
t i o n , ' s u c h s y n t h e s i s has t o be used f o r more s o p h i s t i c a t e d communication 
f i l t e r s , f o r example f r e q u e n c y - d i v i s i o n - m u l t i p l e x f i l t e r s . 
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